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Abstract—A probabilistic guaranteeing approach to the problem of classification that differs from the tradi-
tional statistical one by a probabilistic criterion of optimality of the decision function isjustified in this article.
It allows usto obtain a solution to the initial problem during the current session of observations with a guaran-

teed probabilistic reliability.

INTRODUCTION

Recently, statistical methods of classification and
pattern recognition, whose common aim is a justified
reference of situations, events, and objects to a particu-
lar class, have assumed great significance not only in
technology, but in other domains: economics, finance,
medicine, etc. We can find examples of the efficient
application of such methods in the past few decades in
control, operation research, and radiol ocation.

However, in spite of the great number of publica
tions devoted to this problem, practical implementation
of statistical methods of classification faces substantial
obstaclesin the situation when the size of the sample of
observations used in constructing the decision function
is limited. The probabilistic guaranteeing approach to
the problem of classification, which is being developed
by the authors[1, 2], isatool to overcome these obsta-
clesto a certain extent.

In the problems of classification and decision mak-
ing with a fixed sample of observations, a significant
issue is the way of taking into account the objective
uncertainty of the input data. Let us analyze the princi-
pal assumptions that traditional statistical methods of
classification rely on [3].

It is assumed that a result of classification may be
one of the possible outcomes Y,, Y,, ..., Y,, that gener-
ate the set of solutions Y. Before choosing a solution
with respect to a possible outcome from Y, a random
vector S=(s,, S,, S5, ..., )T related to the outcomes Y,
Y,, ..., Yy isobserved.

The implementation of traditional statistical meth-
ods of classification relies on the assumption that, for
admissible outcomes Y;, i = 1, ..., m, multidimensional
functions P(SY,) of the probability density of the fea-
ture vector S and probability P(Y;) are known. In this
case, the minimization of the probability of misclassifi-

cation is achieved by using the Bayes decision rule.
According to this rule, the optimal solution Y; for the
observed feature vector is the solution for which the
inequality

Fi(S) 2 Fi(9),

where Fi(S = P(Y)P(§Y), Fi(S = P(Y)P(§Y)), holds
for any number j #1i.

Thus, two stages can be distinguished in the imple-
mentation of traditional statistical methods of classifi-
cation with a fixed size of the sample of observations.
At thefirst stage, an estimation of the conditional prob-
ability densities P(SY;) and probabilities P(Y)) is

obtained using the known realizations SV‘, Vi=1, ...,

N;i=1,...,m, of thefeature vector S that correspond
to the facts of the abjective presence of each feasible
outcome Y;, i = 1, ..., m. Here, N, is the number of
observations where the outcome was ;. At the second
stage, the observed vector Sis put into correspondence
with acertain outcome Y, i = 1, ..., m, using the Bayes
decision rule described above; the probabilities P(FY))
and P(Y,) are assumed to be known.

However, the problem is that the estimations of
probabilities P(§Y,;) and P(Y,) have arandom error, just
like any statistical estimation that is obtained using a
sample with a restricted cardinality. In other words,
they have a statistical uncertainty. The neglect of this
uncertainty within the framework of traditional meth-
ods may result in an erroneous classification and, as a
consequence, in erroneous conclusions. Moreover, the
Bayes decision rule minimizes the mean a posteriori
risk of the solution; i.e., it ensures the minimum of the
probability of misclassification using the set of realiza-
tions of the vector of observations. In the general case,
it does not allow us to obtain a solution with a guaran-
teed probabilistic reliability during a current session of
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observations. This fact is the most important in those
widespread situations in practice when the conse-
guences of erroneous decisions are inadmissible losses.

To overcome the above-mentioned obstacles in the
implementation of traditional statistical methodswithin
the framework of the developed probabilistic guaran-
teeing approach to the problems of classification, the
following measures are proposed.

First, the probabilities P(§Y;) and P(Y),i=1, ..., m,
are interpreted as random ambiguous factors that are
defined on aconfidence set W(3) of aprobabilistic mea-
sure 3. An example of such a confidence set is a paral-
Ielepiped in the probability space P(SY,) and P(Y), i =
1, ..., m, that is formed by the intersection of confi-
dence intervals for corresponding probabilities.

We can use interval estimations of these probabili-
ties [4] as confidence intervals to which the unknown
“true” probabilities P(SY,) and P(Y), i = 1, ..., m,
belong with a given probability.

Second, the characteristic feature of the developed
approach is the application of a probabilistic criterion
for the development of a decision rule instead of an a
posteriori mean risk that isused in traditional statistical
methods of classification. The application of the pro-
babilistic criterion is atool for synthesizing a decision
rule that ensures the solution during the current session
of observations with a guaranteed probabilistic relia-
bility.

1. MATHEMATICAL FORMULATION
OF THE PROBLEM OF PROBABILISTIC
GUARANTEED CLASSIFICATION

We define a random ambiguous 2m-dimensional
vector w with a block structure w = (w', o2, ..., WMT,
w is a vector whose components are w' = (n;, &)7,
where component n; = P(Y;) characterizes the uncer-
tainty of the values of the probability P(Y;) of the out-
come Y, that isthe result of alimited size of the sample
of observations and the component §; = &,(S) character-
izes the uncertainty of the probability of the feature
vector S for the outcome Y;. The random ambiguous
vector w is defined on a confidence parallel epiped W([3)
of the probabilistic measure . The paralelepiped is
formed by the intersection of the confidence intervals
for the prObabIIItleS Ei(s)min = P(S/Yl) = Ei(s)max’ Nimin <
P(Y)) € Nimaxs | = 1, ..., M. The decision condition with
allowancesfor the uncertainty of the values of the prob-
abilities P(SY)), P(Y)), i =1, ..., m, can be represented as

Fi(S w) 2 F (S w), (1.1)
Wh?re_Fi(S W= &S, FEw=n§®S,j=1,...,
m; | #I.

Under random ambiguous factors w, the verification
of condition (1.1) is possible only in the probabilistic
sense. Taking thisinto account, a probabilistic criterion
is used within the framework of the proposed approach
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for the design of the decisiverule. For the observed fea-
ture vector S asolution of the classification problemis
optimal if condition (1.1) holds with a guaranteed level
of the confidence probability 3:

P{Fi(Sw)>F;(Sw)} >B.

The value of the confidence probability (3 that charac-
terizes the practically achievable level of reliability of
the solution is modified in the process of designing the
decision rule. In what follows, we propose a more
explicit scheme of forming a decision rule optimal in
the sense of probabilistic criterion (1.2).

(1.2)

2. FORMAL PARAMETRIC STRUCTURE
OF THE DECISION RULE

A formal parametric structure of the decision rule
optimal in the sense of probabilistic criterion (1.2) uses
the analysis of the projections of the attainability set V
defined in the space of functions Fi(S w), i =1, ..., m,
and characterizing the scattering of their values caused
by the influence of random ambiguous factors V. It fol-
lows from (1.1) that the achievable set V = {Fi(S w),
w OWQ)} defined in R, where W(B) is a parallelepi-
pedin R,,, isaparaldepipedin R, (Fig. 1).

A rule that ensures the solution whose reliability is
guaranteed with the confidence probability B isreduced
to the joint analysis for each of the outcomes Y;, i = 1,
..., m, m— 1, the values of the angles a;; = a(ry), j #1,
that define the angular position of the projections of the
boundary point r;;(Fi;,, Fjm.) Of the attainability setin
the plane F;0F;. After that, one of them is selected using
the verification of the inequality

a;, = mina”—>cx0, i=1,..,m

j#i
where a, [ [174, T¥2] isthe slope of the discriminating
line in the plane F,0F; and a;; is the angle that defines
the position of the corresponding projection ry;(Fii,»
Fimax) Of the boundary point of the achievable set

tan(ajj) = Fimin(S 0)/Fjma(S w).

The discriminating lineisthe projection of the discrim-
inating hyperplane defined in R,, onto the correspond-
ing plane F0F;. Naturally, the fulfillment of this condi-
tion for an outcome Y; means the fulfillment of proba-
bilistic condition (1.2). According to (1.1), the
functions Fi(S w), i =1, ..., m, are linear with respect
to the componentsn);, &; of the vector of ambiguous fac-
tors w and the set W(P) is a parallelepiped; hence, their
minimal F;;,(S w) and maxima F;,,..(S w) values are
attained at the corresponding vertices of the confidence
parallelepiped W([3)

I:imin(S- w) = I’]imin‘?:'imin(s)-
Fimax(sv (*)) = r]imainmax(S)-

jzi, (2.1

(2.2)

2.3)
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3. OPTIMIZATION OF THE PARAMETERS
OF THE DECISION RULE

Within the framework of the proposed structure of
decision condition (2.1), we can distinguish two factors
that influence the reliability of the conclusions: a scalar
parameter that characterizes the angular position of the
discriminating line (angle a, in the right-hand side of
the decision condition) and the confidence set W([3) of
the ambiguous factors whose coordinates directly influ-
ence the position of the projections of the boundary
point of the attainability set. Hence, the optimization of
these factors is a means of reducing the probability of
misclassification with the decision rule defined by
(2.2). Let us consider the problem of the parametric
optimization of decision rule (2.1).

The scheme of optimizing the parameters of the
decision condition is based on the analysis of the posi-
tion of two domains: Q, and Q,. The domain Q, con-
tains the projections ry, i, j = 1, ..., m, j # i, of the
boundary points of the attainability set that are calcu-
lated for al possible outcomes Y, i =1, ..., m, using

those realizations of the vector of observations SVi V=
1,...,N;i=1, ..., mfor which the fact of the objective
presence of each of the outcomesY;,i =1, ..., miscon-
firmed. The domain Q, contains the boundary points of
the attainability set calculated for all possible outcomes
Y, i =1, ..., m for which the fact of the objective

absence of each of the outcomes S V=1, N j=
I,...,mj#iisconfirmed (Fig. 2).

Under fixed values of the parameters of the decision
condition (the angle a, in the right-hand side of (2.1)
and the confidence set W(3) of the ambiguous factors),
the subdomain Qf of the domain Q, that contains the

points below the discriminating line characterizes the
error of the first kind in decision making (rejection of
an objectively present state). Similarly, the subdomain
Q3 of thedomain Q, that containsthe points above the

discriminating line characterizesthe error of the second
kind in decision making (accepting an objectively
absent state).

Consequently, the problem is reduced to the deter-
mination of such a set of parameters of the decision
condition (2.1) under which the probability of joint
misclassification (either as a consequence of errors of
thefirst kind or as a consequence of errors of the second
kind) is minimal.

As a base for the optimization of the parameters of
decision condition (2.1), we use a scalar quality func-
tiona U(a,, W(B)) that characterizes the probability of
misclassification that appears under afixed value of the
parameters of the decision conditions. Let usconsider a
numerical algorithm for estimating the quality func-
tiona U(a,, W(P3)).
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3.1. Algorithmfor the Calculation of the Quality
Functional. Optimization of the Angular Position
of the Discriminating Line

The calculation of the value of the scalar functional
U(a,, W(B)) can be realized by the following sequential
operations:

1. Fix a value of the confidence probability B = 3,
that definestheinitial requirementsfor thereliability of
issues.

2. Using the known realizations SV‘ ,Vi=1,..,N,
i=1,...,m, of thefeature vector Scorresponding to the
facts of the objective presence of each of the feasible
outcomesY,, i =1, ..., m, calculate the interval estima-
tions E.imin S P(SIYl) < Eimax’ Nimin < P(Yl) < Nimax of the
probability P(SY;), P(Y;), and theinitial confidence set
W(B,) formed by their intersection. Since the confi-
dence set W([3,) isaparallelepiped in R>™formed by the
intersection of the confidence intervals [&; i &imaxls
[r]imin’ r]imax]v the interval estimations Eimin < P(SlYl) <
&imax> Nimin < P(Y) < Nimax Should be calculated using the
values of the confidence probabilities equal to (3,)'”™.

F;  v,;—projections of the attainability set

Discriminating
line

Fioj=1,...m;j#i

Fig. 1. Formal structure of the decision condition.

Fi’ = 1,
Q= {r,-j(SV"), Lj=1,.,mj#i}
Discriminating
line
Q10Q, = {r(S"): a(S") < ap}
a; = (8"

Q3 0Q, = {ry(8¥): a,(8") 2 1)

Qolry(8Y),ivj=1,.om j#i}

Fig. 2. Scheme of optimization of the parameters of the
decision condition.
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3. For each of the realizations of the feature vector
Svi, V, = 1, ..., m, calculate the redizations of the

angl%ai(sv‘) using (2.1) and (2.2).
4., Calculate the choice function for the distribution
T (0 that characterizes the distribution of the ran-

dom values O(i(SV‘)
f(ap) = P{oy(S") <ag . (3.1
The distribution function ®% (a,) defines the probabil-

ity that the values of the angles a;( g” ) corresponding
to the facts of the objective presence of each of the fea-
sible outcomes Y;, i = 1, ..., m, does not exceed the
value 0. The values of the choice function of the dis-
tribution at the point a,, are calculated as

m

G - Viy o
®% (a,) = /N0 X(ao—0;(S ))E, (3.2)

=1v,=1

where x(0, — ai(SV‘ )) istheindicator function: x =1 if
0, < O(i(SV‘) and 0; otherwise, N =mN,,i=1, ..., m.

The problem isthat the choice function of the distri-
bution ®% (a,) is obtained using a limited number N

of therealizations ai(SV' ), and, consequently, initsini-
tial form (3.2), it cannot be used for the analysis of the

distribution of random values Gi(SV' ). Earlier [5, 6], the
authors proposed an agorithm that ensured the estima-
tion of the distribution functions ®,(a,) as a result of
solving the problems of optimal smoothing of empiri-
ca distribution functions @7 (0,) using the least
squares method with alowances for the correlation
dependence between the values of the empirical distri-
bution function. In the same papers, aparametric repre-
sentation of the approximating function is justified in
the form

®,(do) = 1—exp{-By(8, ap)} °, (3.3)

where B(0, a,) is a family of polynomials of degrees
j=0,1,2, ...,k The optimal degree of the polynomial
k and its coefficients 6,, ..., 6, are calculated using the
condition of minimization of the quadratic criterion by
a successive increase of the degree of the polynomial |
until the maximal value k for which a decrease in the
value of the criterion is still statistically valuable (for a
given confidence level of the F-distribution). By this
algorithm, the optimal estimation of the distribution
function ®,(a) is calculated. The value of the distribu-

tion function ®,(a,) = P{O(i(SV‘) < 0y} under a fixed
slope of the discriminating line a,, defines the probabil -
ity of omission of feasible outcomes Y;, i =1, ..., m
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when using decision rule (2.1), i.e., the probability of
an error of the first kind in decision making.

5. For each of the feasible outcomesY;,i=1, ..., m,

calculate he redlizations of the angles ai(SVj) using
(2.1), (2.2), and the redlizations of the vector of mea-

sured parameters S’ andV,=1,..,N,j=1,...mj#
i corresponding the facts of their objective absence.

6. Calculate the choice function @3 (a,) that char-
acterizes the distribution of random values a;( g’ )

@3 (o) = P{o(S")<ag . (3.4)

The distribution function ®3 (a,,) defines the probabil-

ity that the values of the angles O(i(SVj ) corresponding
to the facts of the objective absence of each of the

possible outcomes VY;, i = 1, ..., m, do not exceed the
valueq,
m m N v O
®3(a,) = UNYOY 3 Y x(@o-a(S)) B.5)
=1j=1Vv,=1 O

where x (0, — Gi(SVj ) =1lif o< O(i(SV‘ ) and 0, if 0y >
\A
o;(S).
7. Reiterating the operation in item 4, obtain the

optimal estimations of the distribution function ®,(a,).
The value of the distribution function 1 — ®,(q,) =

P{ O(i(SVj ) > d,} under afixed value of the slope of the
discriminating line a, definesthe probability of an erro-
neous decision in favor of an objectively absent out-
come, i.e., the probability of arecognition error of the
second kind.

8. Calculate the value of the quality functional U(a,,
W(B,)) that characterizes the probability of an errone-

ous classification for a fixed value of the slope of the
discriminating line o, and the confidence set W([3,)

U(ag W(Bo)) = 1-(1-D,(ap))P,(0g). (3.6)

Using the algorithm for calculating the quality func-
tional U(a,, W(B,)) described above, we can formulate
the optimization problem of determining a value of the
parameter aj in decision condition (2.1) that mini-
mizes the probability of an erroneous classification. As
the optimal value of the parameter of the angular posi-
tion of the discriminating line, we use the value that
minimizes this functional:

af = ag min U(ag W(By))- 3.7
a0 [14,102]
If the equality
U(ag, W(Bo)) <1-B,, (3.8)
Vol. 41  No.6 2002
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also holds, it means that decision condition (2.1) with
the optimal value in the right-hand side ensures the ful-
fillment of the given requirements for the reliability of
decisions defined by the confidence probahility {3,. If
(3.8) does not hold, we use the procedure of joint opti-
mization of the parameter a, and the confidence
set W(R,).

3.2. Optimization of the Confidence Set
of Uncertain Random Factors

The fundamental possibility of reducing the errors
of the classification by means of optimization of the
confidence set W([3,) is an immediate consequence of
the fact that each point of the domains Q, and Q, hasa
corresponding vertex of the confidence parallel epiped
W(B,). It allows usto optimize the confidence parallel-
epiped by means of a purposeful deformation that con-
serves the probability measure. The optimization
reduces the probability of the total error of decision

making by means of reducing subdomains Q% and

Q3 . Let us consider one of the possible algorithms of
optimizing the initial confidence parallelepiped
W(B,) = WP. A similar idea of parametric optimization
of the confidence set in the class of parallelepipeds was
described in[7]. Inthis case, amodification of the algo-
rithm from [ 7] adapted to the problem of the probabilis-
tic guaranteed classification is proposed.

Assume that the initial confidence parallelepiped
was formed and the problem of optimizing the angular
position of the discriminating line was solved by the
algorithm described in subsection 3.1, and this resulted
in obtaining an estimation of the quality functional U, =
U(ag , W) that characterizes the probability of an erro-

neous solution. The algorithm of optimizing the initial
confidence set assumes the following operations.

1. Wefix a point of the domain Q, corresponding to
the minimum of the angle a;( 8" , WO) over all points of
thedomain Q,

tan(a®) = mintan(o(S", W), (3.9)

wherei=1,...,m V,=1, ..., N, Let usrecal that the

values O(i(SVi, W) define the angular position of the
boundary point of the attainability set for each of the
feasible outcomesY;, i =1, ..., m. They are determined
using the known realizations of the vector of observa

tionsS",Vi=1,...,N,i=1,...mand (2.1), (2.2):

tanO(i(SVi,V\/O) = min tan(aij(SVivVVO))
j=1...m (3.10)
= min (Fipin/Fima),  §Z1,
j=1,...,m
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Fimin = niminEimin(SVi)!
Vi
ijax = r]jmaxEjmax(S )’

Wherer]imin’ njmax’ E-imin’ E-jmax’ I’J = 1’ ] m;j #iarethe
coordinates of the vertices of theinitia confidence par-
alelepiped WP. Consequently, after determining the
minimal value a' by (3.9), using relations (3.10),
(3.11), we determine the corresponding coordinates of
the verti CES Ni1mins r]jlmam Eilmim Ejlmax of the para”elepl-
ped WO:

(3.11)

tan(al) = r]ilminEilmin/njlmaxE.jlma)(' (3~12)

2. We determine possible directions of deformation
of theinitial parallelepiped WP that ensure the increase
of thevalueof tan(a 1) or, analogously, the decrease of
the subdomain Q% . The latter, as it was aready men-
tioned, influences the probability of an erroneous deci-
sion. It follows from (3.12) that there are two ways of
increasing tan(a'):

(1) by compressing the edges [Niimin Nitma] aNd
[&i1min» Sitmax] OF the confidence parallelepiped W by
increasing the values N, and &, by the quantities
An;, and Ag;,, respectively. As a result, the new edges
of the confidence paralelepiped are formed [&|in»
Eilmax] and [n;lmin ’ nilmax]! Where E»illmin = Eilmin + AEil
and Nizmin = Nitmin + ANt

(2) by contracting the edges [N mins Nitmaxls [&jimins
&;1max] O the confidence parallelepiped WX by means of
decreasing the valUes 1 ,,x and &;;,,,,x DY the quantities
An;, and AE;,, respectively. As aresult, the new edges
of the confidence parallelepiped are formed [N;;yin,
r]'jlmax] and [Ejlmin’ E}lmax]v where n}lmax = r]jlmax -
ANy and & max = &jimax — A1

Further reduction of the probability of an erroneous

decision can be achieved by decreasing the angular
position of the upper boundary point of the domain Q,,

i.e., the reduction of the subdomain Q3 .

3. Similar to item 1, we determine a point of the
domain Q, corresponding to the maximal a? value of

the angle ai(SV", W) among al points of the domain
Q,,0,j=1,...,mj#i,Vj=1, .., N;

tan(a®) = maxtan(o, (S, W°)). (3.13)
i,V

The values O(i(SVj , W0) in (3.13) are determined using

the realizations S, j =1, ..., m j#i,Vi=1, ..., N,

Vol. 41  No. 6 2002
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similar to (3.10), (3.11):

tano (S, W°) = min tan(aij(SVj’WO))
j=1,...,m (3.14)
= min (Fimin/ijax)v jii’
j=1..m

r]iminEimin(S\/l)v

\/.
ijax = I’]jmaxEjmax(S J)-

Inturn, relations (3.14), (3.15) allow usto determine
the coordinates of the vertices Nisyin» Nj2maxs Sizmin: AN
&jomax Of the parallelepiped WO corresponding to the
value of the angle a?:

I:imin
(3.15)

tan(O(Z) = Nizmin&izmin/Nj2max& j 2max- (3.16)

4. We determine possible directions of deformation
of the initial parallelepiped WP ensuring decreasing
values of tan(az) or, analogously, decreasing subdo-
mains Q3 :

Reiterating the argumentsin 2 for (3.16), we can see
that there are also two ways of decreasing the value
tan(a);

(1) by increasing the edges [Nismins Nizmax] AN [&izmins
&irmax] Of the confidence parallel epiped WP and decreas-
ing the values nj,,,;, and &;,.i, by the quantities An;, and
AE,,, respectively. As aresult, new edges of the confi-
dence paralelepiped are formed [&iomin, Ciomad @nd

[Nizmin > Nizmax]s WHere &izmin = &iomin— A&;2 @A Nizmin =
Nizmin — ANio-

(2) by increasing the edges [N2mins Nj2max] AN [€j21mins
&jomax] OF the confidence parallelepiped WX by means of
increasing the values Njy,,x and §j,,,,, by the quantities
Anj, and A&, respectively. Asaresult, new edges of the
confidence parallelepiped are formed [Njymin: Nj2max ]
and [EjZmim E}Zmax]v where r]']'Zmax = Njomax t Aan and
€iama = Eomax + D).

5. We determine the efficient possible directions of
deformation of theinitial confidence set W°. We consid-
ered the possible directions of deformation of theinitial
parallelepiped WP suitable for reducing the probability
of erroneous recognition. The problem, however, isthat
the synchronous deformation of the initial parallelepi-

ped over all possible directions can cause contradictory
tendencies. For example, the transformed boundaries

[Eillmin ’ Eilmax], [r]illmin ’ r]ilmax]’ [njlmin’ Iﬂl}lmax ]! and
[&imin» €j1max ] Of the new confidence parallelepiped
ensures an increase of the angular position of the lower
boundary point of thedomain Q,, but, at the sametime,
it may cause asimultaneous growth of the angular posi-
tion of the points of the domain Q,. In case all the pro-
posed possible directions of deformation of the edges
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of the parallelepiped are realized, this may result not in
areduction of the probability of erroneous recognition,
but, on the contrary, in its growth.

To eliminate this effect, we estimate the possible
efficient directions of deformation of the edges of the
initial parallelepiped WP that definitely lead to the
reduction of the probability of recognition.

For this purpose, we estimate the signs of the deriv-
atives of au/anilmin’ aU/aEailmin’ au/anjlmax’ aU/‘)Ejlmax’
au/ar]iZmin’ aU/aEiZmin’ aU/ar]jZmaXl and aU/aE-jZmax that
characterize the changes of the quality functiona U(a,,
W) with respect to U(a,,, W°) caused by the transition
to the confidence parallelepiped W' = W!(3,) with the
probabilistic measure 3,. Note that the new parallelepi-
ped is formed from the initial parallelepiped WP by the
separate deformations of its edges along each of the
possible directions. The signs of the specified deriva-
tives are estimated numerically using the signs of the
difference U(a,, W") — U(a,, WP), and, as the values of
the functionals U(a,, W°), U(a,, W'), we take their val-
ues obtained as aresult of the optimization of theangles
o, by the algorithm from subsection 3.1.

6. Estimating the signs of these derivatives, we can
determine the efficient directions of deformation of WP,
eliminating those directions that correspond to the neg-
ative values of the derivatives. As a result, a new
approximation of the confidence parallelepiped W' is
formed together with the corresponding value of the
quality functional U(a,, W").

Note that the val ueSAr]ilmin’ AEI Imin> Anj Imax> AE] Imax>
AniZmin’ AE»i2min’ Ar]jZmaxi and AEjZmax Correspondi ng to
efficient directions of deformation are chosen in such a
way that the probabilistic measure of the parallel epiped
W! obtained as aresult of the simultaneous contraction
and extension of the boundaries of the initial confi-
dence parallelepiped WP is still equal to B3,.

7. Reiterate 16 until ether the condition
U(ag We(By)) < 1 — B, becomes true, which means that

decision rule (2.1) based on the application of the opti-
mal confidence parallelepiped W*(B,) and optimal

parameter af in the right-hand side ensures the

required level of reliability of the classification, or the
required accuracy of optimization of the confidence set
is achieved. The latter supposes that the equality |U, —
U,_| £ € holds, where U, isthe value of the probability
of erroneous recognition corresponding to the approxi-
mation of the confidence parallelepiped W..(B,), Ux_;

is the value of the probability of erroneous recognition
corresponding to the approximation of the confidence
parallelepiped W, _,(B,), € is a small positive constant
chosen from the condition that the required accuracy of
estimating the probability of misclassification is
ensured.
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If the joint optimization of the angular position of
the discriminating line (the angle a, in the right-hand
side of decision rule (2.1) and the confidence set W([3))
does not ensure the required reliability of the conclu-
sions defined by the confidence probability [3,, then the
following problem appears: estimate the level of confi-
dence probability 3,,, that can actualy be ensured
under alimited size of a sample used in the design of
the decision condition.

The value of the guaranteed probability can be
obtained by the successive reduction of the initial con-
fidence probability B = B, — k(dp), where 6B is agiven
step, k=1, 2, ... with thereiteration of al theactionsin
subsections 3.1, 3.2 until the condition

U(GSW*(Bguar))S 1_Bguar (3-17)

holds, where oy W*(3,,,,) arethe optimal angular posi-

tion of the discriminating line and the optimal confi-
dence parallelepiped of the probabilistic measure 3,
determined by the described algorithm of joint optimi-
zation.

4. EXAMPLE OF PRACTICAL APPLICATION
OF THE METHOD OF PROBABILISTIC
GUARANTEED CLASSIFICATION
IN A BIOTECHNICAL DIAGNOSTIC SYSTEM

The efficiency of the devel oped method of probabi-
listic guaranteed classification is illustrated by the
results of its application in the biotechnical system of
prenatal (i.e., for pregnant women) diagnostics of
Down’s syndrome (DS) (PROGNQOZ) [8].

The system ensures the decision making on the set
of two alternatives. Y,—"high risk of DS of the fetus’
and Y,—"“normal (with respect to DS) pregnancy.” As
the vector of observations, we use the vector with the
dimension 52 x 1 whose components include the data
of clinical observation of a pregnant woman (weight,
age, duration of pregnancy), ultrasound observation
data of the fetus, and biochemical investigation of the
mother’s serum.

The decision rule was synthesized using the avail-
able data about 30 women whose fetusesrealy had DS,
and 3000 women with normal (with respect to DS)
results of pregnancy.

The guaranteed level of reliability of recognition in
the PROGNOZ automated system was achieved by the
realization of the complex of the described problems of
optimization of the parameters of the decision rule: the
angular position of the decision line, the parameter a,,
in the right- hand side of decision rule (2.1), and the
confidence set of uncertain random factors W(P).
Below, we give the results of the application of the
algorithms described in subsections 3.1 and 3.2 to this
problem.
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Fig. 3. Optimization of the angular position of the discrim-
inating line in the algorithm of recognition of DS.
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Fig. 4. Joint optimization of the angular position of the dis-
criminating line and the confidence set.
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Fig. 5. Estimation of the probability of the guaranteed rec-
ognition of DS.
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4.1. Isolated Optimization of the Angular Position
of the Discriminating Line

In Fig. 3, the reciprocal position of the domains
characterizing the position of the boundary points of
the attainability set is presented. These points corre-
spond to the facts of the abjective absence (Q,) and
presence (Q,) of DS calculated with the initial confi-
dence parallelepiped W° = W(B,) of the probabilistic
measure 3, = 0.95.

Using the algorithm described in subsection 3.1, we
obtained the optimal angular position of the discrimi-

nating line tan(aj) = 87 and the optimal value of the
quality functiona characterizing the probability of
erroneous recognition, which was U(ag, W) =

0.27. Consequently, the isolated optimization of the
angular position of the discriminating line is insuffi-
cient for theinitial requirementsfor thereliability of the
solution. Hence, the next stage of construction of the
decision rule was the joint optimization a,, W([3,).

4.2. Joint Optimization of the Angular Position
of the Discriminating Line and Confidence
Parallelepiped

In Fig. 4, the values of the quality functional U(aj ,
W(3,)) obtained by the algorithm from sunsection 3.2
are presented. They were obtained as the result of the
joint optimization of the parameter characterizing the
angular position of the discriminating line and the con-
fidence parallelepiped in the class of parallelepipeds
with the probabilistic measure 3, = 0.95.

We can see that the joint optimization of this pair,
despite the fact that it allows us to reduce the probabil -
ity of erroneous recognition by almost a factor of 2
(from 27 to 15%), does not ensure the initia require-
ments for the reliability of recognition of DS (3, = 0.95).

Hence, the next stage was the estimation of the guar-
anteed probability B, of the recognition, which is
really attainable for the proposed decision rule.

4.3. Estimation of the Guaranteed Reliability
of Recognition of DS

In order to estimate the confidence probability 3,,,
that defines the guaranteed reliability of the recognition
of DS, which can be ensured by the decision rule (2.1)
constructed on the basis of the processing of an avail-
able sample of a limited size, the value of the confi-
dence probability 3,,, was modified by the successive
reduction of the value 3, solving, for each new value
of the confidence probability, the problem of joint opti-
mization of the parameters of the decision condition
and estimating the quality functional (Fig. 5). It was
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adready specified that the value 3, is the root of alge-
braic equation (3.17).

It follows from Fig. 5 that the vaue (3, = 0.88.
After that, the structure of the decision condition is

finally modified that ensures the recognition with the
guaranteed level of confidence probability (3,,, = 0.88.

The decision condition has the form cot(a(S¥,
W*(0.88))) > cot(ad), where W#(0.88) is the optimal
confidence parallelepiped of the probabilistic measure
Bouar = 0.88; a7 isthe parameter that characterizes the
angular position of the discriminating line cot(ag) =
1/132; and a (S, W*(0.88)) isthe angular position of the

boundary point of the attainability set for the current
realization of the vector of observations S.
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